We study the perturbations to General Relativistic black holes (i.e. those without scalar hair) in Horndeski scalar-tensor gravity. First, we derive the equations of odd and even parity perturbations of both the metric and scalar field in the case of a Schwarzschild black hole, and show that the gravitational waves emitted from such a system contain a mixture of quasi-normal mode frequencies from the usual General Relativistic spectrum and those from the new scalar field spectrum, with the new scalar spectrum characterised by just two free parameters. We then specialise to the sub-family of Horndeski theories in which gravitational waves propagate at the speed of light c on cosmological backgrounds; the scalar quasi-normal mode spectrum of such theories is characterised by just a single parameter µ acting as an effective mass of the scalar field. Analytical expressions for the quasinormal mode frequencies of the scalar spectrum in this sub-family of theories are provided for both static and slowly rotating black holes. In both regimes comparisons to quasi-normal modes calculated numerically show good agreement with those calculated analytically in this work.
I. INTRODUCTION
Einstein's theory of General Relativity (GR) is currently the best description of gravity available to us, having survived over 100 years of testing [1] . It is widely accepted to be the correct description of gravity at Solar System scales, where not only do its predictions show remarkable agreement with astrophysical data, but precise measurements of phenomena such as light deflection around the Sun and perihelion shift of Mercury (among others) rule out many modifications to GR.
There are, however, compelling arguments that GR may require modification at both very high and very low energy scales. At high energies, unavoidable singularities arise during gravitational collapses and the so-called renormalization problem limits the analysis of quantum states; while on cosmological scales, GR relies on the as yet unexplained presence of 'dark energy' in order to explain the observed accelerated expansion of the Universe [2] .
When considering modifications to GR, scalar-tensor theories are among the simplest extensions to GR available, and have been studied extensively in both the strong gravity and cosmological regimes. In addition, scalar-tensor theories appear to be ubiquitous in physics, as they appear as some limits of other theories of gravity, such as the decoupling limit of massive gravity [3] .
In this paper we will study the signatures that scalar-tensor modifications to GR could leave on the gravitational wave signal emitted from a perturbed black hole (for example, the ringdown signal of the remnant of a binary black hole merger [4] ). The frequencies of gravitational waves emitted from such a system are given by the quasi-normal modes (QNMs) of the remnant black hole, the eigenfrequencies of wave equations that arise when studying perturbations to the gravitational field equations on a black hole background [5] [6] [7] . Such frequencies depend on the theory of gravity considered, and so observations of the ringdown can provide a way to discrim- * oliver.tattersall@physics.ox.ac.uk † p.ferreira1@physics.ox.ac.uk inate between GR and possible modified theories of gravity [7] [8] [9] .
Given the recent advent of gravitational wave astronomy with numerous observations of mergers made by advanced LIGO and VIRGO [10] [11] [12] [13] [14] , in addition to the plans of future observatories such as eLISA, KAGRA, and the Einstein Telescope, there is no better time to study the physics of strong gravity systems in varying theories of gravity. Only with a full understanding of the possible signatures of modified theories of gravity that may arise can we fully take advantage of the remarkable observations currently being made (and those that have yet to be made).
Summary: In section II we will introduce the Horndeski family of scalar-tensor theories of gravity [15] , as well as the black hole backgrounds that are being considered in this paper. In sections III-IV we will calculate the quadratic action for perturbations to static black holes in Horndeski gravity and derive the equations of motion for both odd and even parity perturbations. We will show that the effect of Horndeski gravity modifications to the QNM frequencies of a perturbed black hole are characterised by just two free parameters. In section V we will derive analytical expressions for the QNMs of both static and slowly rotating black holes in a sub-family of Horndeski theories using the method of [16] , and provide comparisons to numerically calculated QNMs [17, 18] . Finally, we will discuss the results of this paper and future work in section VI. Throughout we will use natural units with G = c = 1.
II. HORNDESKI GRAVITY AND BACKGROUND
A general action for scalar-tensor gravity with 2 nd orderderivative equations of motion is given by the Horndeski action [15] : where the Horndeski Lagrangians are given by:
where φ is the scalar field with kinetic term X = −φ µ φ µ /2, φ µ = ∇ µ φ , φ µν = ∇ ν ∇ µ φ , and G µν = R µν − 1 2 R g µν is the Einstein tensor. The G i denote arbitrary functions of φ and X, with derivatives G iX with respect to X. GR is given by the choice
Pl /2 with all other G i vanishing and M Pl being the reduced Planck mass. Equation 1 is not the most general action and it has been shown that it can be extended to an arbitrary number of terms, exploiting degeneracies in the Hamiltonian [19] [20] [21] [22] .
For the background spacetime of the black hole, we assume a static, spherically symmetric ansatz for the line element and scalar field:
No hair theorems exist for shift-symmetric theories (i.e. G iφ = 0) [23] [24] [25] and generalised Brans-Dicke like theories (G 3 = G 4X = G 5 = 0) [24, 26] such that A = B = 1−2M/r and φ = φ 0 = constant. For general G i , various conditions can be found to ensure that the black hole solution is Schwarzschild with a constant scalar field profile [27] [28] [29] .
For the rest of this paper, we will assume that the black holes we are concerned with are indeed described by a Schwarzschild geometry with a constant background scalar field profile:
with f (r) = 1 − 2M/r. Whilst the background described by eq. (5) is, in this case, identical to GR, in [30] it was shown that the presence of additional degrees of freedom that can be excited (in this case a scalar field) can lead to non-GR signatures in the QNM spectrum of the black hole when it is perturbed. It is this QNM signature that we will proceed to investigate.
III. QUADRATIC ACTION
To study the behaviour of perturbations about a background given by eq. (5)-(6) in a theory described by the action given in eq. (1), we introduce the perturbed fields h µν and δ φ , such that
withḡ µν being the Schwarzschild metric such that g µν dx µ dx ν = ds 2 as given in eq. (5). Now, perturbing each term in eq. (1) up to second order in the perturbed fields and collecting the terms quadratic in h µν and δ φ , we find the following quadratic action for perturbations:
where an overbar indicates that the 'barred' quantity should be evaluated at the background values of g µν and φ . We have also factored out an overall factor of M 2 Pl /2, thus identifyinḡ G 4 = 1 to obtain the correct GR limit.
From the background equations of motion [25] we find that G 2 =Ḡ 2φ = 0, whilst contributions from G 5 vanish due to the Bianchi identity. We further found that we had to imposē G 3 = 0 to ensure that the action is invariant under diffeomorphisms in this no-hair regime. Intuitively, these conditions make sense if we consider a simple model e.g.
If φ has a trivial background profile thenX = ∇ µ φ 0 ∇ µ φ 0 = 0, whilst V (φ 0 ) = 0 sets a 'Cosmological Constant-like' term to zero. Furthermore, requiring that G 2φ = 0 is equivalent to requiring that φ sits at a minimum of the potential V . The additional constraint thatḠ 3 = 0 is unsurprising given that, to our knowledge, it has not been possible to formulate a nohair theorem with the inclusion of a generic cubic term (with, of course, the exception of the shift-symmetric case [23] [24] [25] ). An example of a non-zero G 3 that obeys this constraint is:
which satisfies G 3 (φ 0 ) = 0, whilst giving G 3φ (φ 0 ) = a 1 .
IV. EQUATIONS OF MOTION
We can take advantage of the spherical symmetry of the problem by separating the angular dependence of h µν and δ φ from the time and radial dependence. The perturbation fields can be decomposed into tensor spherical harmonics, with the tensor perturbation h µν having both odd and even parity perturbations [31, 32] :
whilst the scalar perturbation δ φ is purely of even parity:
where sym indicates a symmetric entry, B m µ is the odd parity vector spherical harmonic and Y m is the standard scalar spherical harmonic, as described in [33, 34] (note there are slight differences in convention between the definitions of tensorial spherical harmonics used in [33] and [34] ). Furthermore, we are working in the Regge-Wheeler gauge for simplicity [31] . Thus, the amplitude of linear perturbations is described by the functions h i , H i , K, and ϕ. We have further assumed a time dependence of e −iω m t for our perturbations, due to the static nature of the background spacetime. It is these frequencies ω m that will prove to be the QNMs of the perturbed black hole. Spherical harmonic indices will be omitted from now on, with each equation assumed to hold for a given (we will find that the equations of motion are independent of m, which is unsurprising due to the spherical symmetry of the background). In general, the perturbed fields will be represented by a sum over , m, and ω of the modes. The quadratic actions of both odd and even parity perturbations in Horndeski gravity on generic spherically symmetric backgrounds were studied in [35, 36] .
A. Odd Parity
Upon varying the action given by eq. (9), we find that the odd parity metric perturbations are governed by the standard Regge-Wheeler equation exactly as in GR [30, 31] . This is, of course, unsurprising given that the background spacetime is given by the GR solution, and that the even parity scalar field perturbations do not couple to the odd parity metric perturbations. The spectrum of QNMs arising from solving the Regge-Wheeler equation is well known [5] [6] [7] 37] .
B. Even Parity
Upon varying the action given by eq. (9), we find that the even parity metric and scalar perturbations are governed by two homogeneous second order wave equations. We find that a 'Zerilli-like' function Ψ satisfies the standard GR Zerilli equation [30, 38, 39] :
with
and the 'tortoise coordinate' r * satisfying dr * = f (r) −1 dr. The scalar perturbation ϕ, meanwhile, satisfies:
The even parity metric functions H 0 , H 1 , H 2 , and K are given found in terms of Ψ and ϕ to be:
Note that the above set of equations show a mixing between the perturbed metric components and the perturbed scalar field, e.g. in eq. (20)- (21) . Thus, whilst Ψ satisfies the GR Zerilli equation (with accompanying GR spectrum of QNMs), the metric perturbation h µν will contain a mix of GR and scalar modes. We can make this clear by writing the even parity metric perturbation for Horndeski gravity as:
where h GR µν, m is the standard even parity metric perturbation one would calculate for a Schwarzschild black hole in GR. Clearly, the QNMs of gravitational waves emitted from such a perturbed black hole will therefore exhibit a mixture of those frequencies arising from the standard GR spectrum and the modified scalar spectrum. This is one of the main results of this section (and was first described in [30] ) .
Eq. (23) clearly shows that the mixing of metric and scalar perturbations is due to the conformal coupling between φ and curvature. Thus in theories withḠ 4φ = 0 the metric and scalar perturbations will decouple (see eq. (20)- (21)), leaving no modified gravity signature in the metric perturbation. For example, in Einstein-Scalar-Gauss-Bonnet (ESGB) gravity, the scalar field perturbations obey a massive Klein-Gordon equation when the background spacetime is given by a GR black hole [40] . When recast into the language of Horndeski theories, however,Ḡ 4φ = 0 for ESGB gravity (see e.g. [41] ). Perturbed GR black holes in ESGB gravity will, therefore, not exhibit a mixing of GR and scalar QNMs in the emission of gravitational waves (assuming a Schwarzschild geometry with constant scalar field profile for the background).
Eq. (17) shows that the scalar spectrum is characterised by two parameters dependent on the free functions present in the Horndeski Lagrangian:
In terms of these new parameters, the scalar potential V S (r) takes the form:
The identification of these two combinations of the G i and their derivatives as the only parameters characterising the scalar QNM spectrum is the second main result of this section. If µ = Γ = 0 then eq. (16) takes the form of a massless Klein-Gordon equation on the Schwarzschild background.
V. QUASINORMAL MODES
We will now focus on the sub-family of Horndeski theories in which gravitational waves propagate at the speed of light on cosmological backgrounds (and where the scalar field has a non-negligible impact on the cosmology), as is indicated by the detection of GW170817 and its optical counterpart GRB170817 [14, [42] [43] [44] [45] [46] . It was shown in [47] [48] [49] [50] [51] [52] that this restriction on the speed of gravitational waves c T gives the following constraints on the Horndeski parameters:
The resulting constrained Horndeski action is thus given by:
where we have made field redefinitions to set G 4 = φ and taken out an overall pre-factor of one half the reduced Planck mass, M 2 Pl /2, thus setting G 4φ = φ 0 = 1; the quintic Horndeski term with constant G 5 vanishes due to the Bianchi identity. In [28] it was shown that in such theories where the non-GR degrees of freedom have cosmological relevance, the constraint that c T = 1 leads in many cases to black holes without hair (as we have considered so far in this paper).
The action given by eq. (27) is in the form of a conformally coupled scalar-tensor theory, with scalar potential and kinetic terms given by G 2 and an additional scalar cubic term given by G 3 . This action can be transformed from the 'Jordan' frame (in its current state) into the 'Einstein' frame by making a conformal transformation [53] . In the Einstein frame the theory will take the form of GR with a minimally coupled scalar field, though any matter fields would now couple to a different metric than that which contributes the EinsteinHilbert term in the action. For convenience we will continue to work in the Jordan frame as it is the Jordan frame metric that gravitational wave detectors (made, of course, of matter) will couple to [54] .
Thus from now on we will set Γ = 0 when using the results of section IV to reflect the constraints of eq. (26), leaving the scalar effective mass µ as the only free parameter left characterising the scalar spectrum.
A. Static black holes
For Schwarzschild black holes, the spectrum of QNM frequencies ω associated with the Regge-Wheeler and Zerilli equations (i.e. the GR spectrum) are well known and have been calculated with a variety of different methods [5] [6] [7] . Thus we will focus on the spectrum arising from the scalar equation of motion (remembering that, as explained in the previous section, gravitational waves will contain a mixture of modes from both spectra). With Γ = 0, eq. (16) is in the form of a massive Klein-Gordon equation:
leading to the interpretation of µ 2 as an effective mass given by eq. (24). The same effective mass for the scalar field is found when linearising Horndeski gravity about a flat background [55] . The QNMs of a massive scalar field on a black hole background have been calculated numerically in [17, 18] . To show the explicit dependence of the frequencies on µ, however, we present here an analytical expansion in L = +1/2 of the scalar QNMs using the technique developed in [16] , with being the multi-polar spherical harmonic index:
The details of the expansion, and its limitations, are discussed in detail in [16] . For the scalar perturbation equation of motion given by eq. (16), the expansion coefficients ω k are given by, up to O(L −6 ): 
where N = n + 1/2 with n being the overtone number. Whilst only the first eight terms of the expansion are given here, as discussed in [16] , one can readily extend calculate subsequent terms to an arbitrary order in L with the use of a computer algebra package. The expansion coefficients provided in eq. (30) are the main result of this section, providing an easy to use analytical expression for calculating QNMs for arbitrary effective scalar mass µ, multi-polar index , and overtone n (with some limitations as discussed below and in [16] ). The expansion given by eq. (29)- (30) is clearly more accurate for large values of L and as such should not be used for L < 1 i.e. = 0. Furthermore, as noted in [16] , the expansion is only accurate for > n. Table I shows a comparison between the frequencies calculated in [18] and those calculated using the above expansion for = 1, n = 0. For the values of µ considered, the errors between the frequencies calculated using the expansion in L and those calculated numerically never exceeds 1%. This is an impressive level of agreement given the relatively small number of terms in the analytical expansion calculated here. Greater accuracy can be expected by calculated term to higher (inverse) order in L. Figure 1 shows the real and imaginary frequency components for the n = 0 mode for different values of and µ. All of the frequencies found have negative imaginary components, representing stable damped modes. The frequencies are progressively less damped for larger values of the scalar effective mass µ. Figure 2 shows the migration of the QNMs through the complex plane for different values of µ, with the magnitude of the damping frequency decreasing with increasing effective mass µ.
The expression for QNMs given by eq. (30) should be used with caution for values of µ larger than those used in this paper (around µM = 0.3). For example, the = 1, n = 0 mode calculated using eq. (30) with µM = 0.53 is ω 1,0 = 0.44 + 0.0086i, i.e. an unstable mode, whilst [17] shows the same mode having a negative (and therefore stable) imaginary component. We suspect that this inaccuracy is due to our relatively early truncation of the series in L (only the first 8 terms of the series have been provided here). As can be seen in eq. (30), the expansion coefficients ω k contain higher powers of µM as k increases, thus higher order ω k become more relevant as the value of µM increases. If one wishes to to calculate QNMs accurately for larger values of the scalar effective mass, a greater number of terms will need to be calculated in the expansion. This kind of limitation is unsurprising given that we have only calculated terms to O(L −6 ); in [16] expressions up to O(L −12 ) and beyond are calculated with relative ease.
B. Slowly rotating black holes
In general, astrophysical black holes are not expected to be static and spherically symmetric, but instead axisymmetric due to their possessing angular momentum [56] . As such, axisymmetric black holes are the objects expected to be involved in the events detected at gravitational wave observatories (and indeed, already have been at advanced LIGO and VIRGO [10] [11] [12] [13] ). The calculation of QNMs that might arise from rotating black holes is therefore of great importance if theoretical predictions are to be tested with observations. In this section we will address slowly rotating black holes, i.e. those black holes for which their dimensionless angular momentum a satisfies |a| 1. In many cases, it has been shown that no-hair theorems that are valid in the static regime can be extended to apply also to slowly rotating black holes [23] [24] [25] . We will again assume that, in the slowly rotating regime, the background black hole in the theory given by eq. (1) with the constraints given by eq. (26) is described by the corresponding GR solution (in this case the Kerr metric up to linear order in a) with a constant scalar field profile:
We further expect that the gravitational waves emitted from such a black hole when perturbed are going to be a mixture of frequencies from the usual GR spectrum and those from the scalar field spectrum, as in the spherically symmetric case, due to the conformal coupling between φ and the metric. As the GR spectrum is, once again, well studied [5] [6] [7] 57 ], we will focus on the scalar spectrum.
In general, in axisymmetric (but non-spherically symmetric) spacetimes perturbations of different parity and mix, complicating the ability to separate out the angular and radial dependencies of the perturbed fields [58] . It was, however, shown in [59] that to calculate the QNM spectrum to first order in a, it is sufficient to consider that perturbations of different parity and do not mix. In [59] the equation of motion for massive scalar field perturbations about a Kerr background to first order in rotation was shown to be:
where m is the azimuthal spherical harmonic index and V S (r) is given by eq. (25) with Γ = 0. We see that the effect of a slowly rotating background is to introduce an additional spindependent term to the potential. The QNMs of a massive scalar field in a Kerr background were calculated numerically in [18] . In parallel to our analysis of the static perturbations, we will present an (in this case somewhat more crude) analytical expansion for the scalar frequencies using the technique of [16] . The technique developed in [16] has a geometric grounding, with the position of the light sphere at r = 3M playing a key role in calculating the expansion coefficients. With a slowly rotating black hole, the radii of circular photon orbits are instead given by r ± = 3M(1 ± 2 √ 3a/9) [60] , thus it is reasonable to expect that an expansion based around r = 3M being a 'privileged' position will not give especially accurate results. Nonetheless, in an effort to calculate an analytical expression to study the effect of the effective mass µ on the QNMs, the following expansion in L is provided:
with, again up to O(L −6 ) and up to linear order in spin a: Table II gives a comparison of the frequencies calculated from the above expansion to those calculated numerically in [18] for the fundamental = m = 1 mode. As expected, the errors between the two methods increase with increasing a, however up to a = 0.2 the errors stay below 1%. The error between the frequencies calculated numerically and those calculated with the analytical expansion provided in this paper decrease with increasing effective scalar mass µ for the imaginary frequency components, whilst a mild increase in error with increasing mass is seen for the real frequency components. Figure 3 shows the percentage error between the two methods plotted as a function of dimensionless angular momentum a. Figure 3 shows a non-linear dependence on a for the magnitude of the errors between the numerical and analytical methods, as expected given that the analytical method used here neglects terms O(a 2 ) and above due to treating a as a small parameter. We can attempt to fit a power law dependence of the magnitude of the errors on a, finding the following best fits (ignoring any constant offsets):
where |∆ Re | and |∆ Im | are the absolute magnitudes of the percentage error in the real and imaginary parts of the frequencies respectively. Most of the errors appear to be dominated by a component quadratic in spin a, indicating that most of the linear in spin dependence has been accounted for in the L expansion. This is not the case for |∆ Im | for µM = 0.2, however, indicating that there are more nuanced dependencies on the effective scalar mass µ and the angular momentum a that are not captured by the first order approximation used in this section. This is, of course, expected given the limitations of applying the expansion method used here to the rotating regime (as discussed above). In spite of the accuracy limitations discussed above, the expansion provided by eq. (34)-(35) provides a useful tool for calculating the scalar QNMs that may appear in the gravitational wave signature of a perturbed, slowly rotating black hole due to the conformal coupling between φ and the metric (as discussed above). Figure 4 shows the real and imaginary components of the QNMs calculated using eq. (34)- (35) as a function of µ for different (small) values of a.
VI. CONCLUSION
In this paper we have analysed the equations of motion for perturbations to a Schwarzschild black hole in Horndeski gravity, showing that whilst the background is identical to the corresponding solution in GR, the gravitational waves of such a perturbed system can be 'contaminated' with non-GR frequencies arising from the spectrum associated with the nonminimally coupled scalar field perturbation. This is due to the conformal coupling between the scalar field and curvature, with the even parity metric perturbations being given in terms of both a 'Zerilli' function and the Horndeski scalar field perturbation (see eq. (23)). This effect was noted in [30] . If there was no conformal coupling then the metric and scalar perturbations would, however, be uncoupled, and thus gravitational waves would not be modified from their GR form (e.g. in ESGB gravity).
We showed that the non-GR scalar field perturbation obeys a modified massive Klein-Gordon equation characterised by two parameters µ and Γ, which are in turn given in terms of the free functions G i in the Horndeski Lagrangian (see eq. (24)). These two parameters will modify the scalar QNM spectrum from the usual case of a massless test field in GR, and thus provide a way to observationally constrain the Horndeski functions G i through ringdown observations.
Using the expansion in L = + 1/2 method developed in [16] , we calculate analytical expressions for the QNMs from the scalar spectrum, for arbitrary and overtone index n (provided > 1, > n) for the subclass of Horndeski theories which satisfy the constraint c T = 1 [47] [48] [49] [50] [51] [52] . For this subclass we find that one of the two free parameters present in the scalar equation of motion, Γ, vanishes, leaving µ as an 'effective mass' as the only free parameter left characterising the QNM spectrum. QNMs are calculated for varying , n, and µ, and are shown to be in strong (i.e. sub-percent error) agreement with those calculated numerically in [18] , despite the relatively small number of terms calculated in the analytical expansion. We further extend the analytical expressions derived for perturbations to a Schwarzschild black hole to a slowly rotating (i.e. |a| << 1) Kerr black hole, and again show that the QNMs calculated analytically agree well with those frequencies calculated numerically for a ≤ 0.2.
The analytical expressions for QNMs provided here are, of course, limited in their scope. As mentioned above, the technique developed by [16] is valid for > 1, > n. For static, spherically symmetric black holes we further find that the accuracy of our expressions decreased with increasing scalar mass µ. We believe that this is due to neglected higher order terms in the expansions becoming more relevant with increasing µ, thus further terms in the expansion should be calculated to yield more accurate results at high masses. Furthermore, the expressions given in eq. (35) for the scalar QNMs of a slowly rotating Kerr black hole suffer from increasing inaccuracies as the black hole spin increases. This is wholly predictable given the slow rotation approximation used, as well as the 'massaging' required to apply the technique of [16] to the slowly rotating Kerr background (as discussed in Section V B) .
Nonetheless the main result shown in this paper, that even 'bald' black holes in Horndeski gravity (i.e. those that are identical to their GR counterparts) can exhibit a modified gravitational wave signal during ringdown which is characterised by just one or two parameters, is a useful observation for attempts on constraining gravity in this new era of gravitational wave astronomy. The resolving of multiple QNMs in a ringdown signal has already been suggested as a way to test the 'no-hair theorem' of black holes [7] [8] [9] , however as discussed similar observations can also probe black holes without hair. For example, with a Schwarzschild black hole with unit mass, it is easy to calculate that the l = 2, n = 0 mode from the scalar spectrum is approximately 0.496−0.092i with µM = 0.2. The quality factor Q = Re(ω)/2|Im(ω)| (a rough measure of the number of oscillations in one e-folding time [4] ) of this mode is 2.69. This has a comparable damping time and quality factor to the l = 3, n = 0 mode from the standard GR spectrum (0.599 − 0.093i with Q = 3.23 [16] ). It is, therefore, conceivable that with detections of just the first few 'least damped' modes in a ringdown signal, one could place bounds on the effective mass µ of the scalar field.
In addition, the analytical expressions for scalar QNMs found here provide a quick and easy method of studying the effect of varying scalar mass µ and black hole angular momentum on the numerical values of the complex frequencies. We anticipate that such expressions will be a useful addition to the numerous tools available to those studying QNMs.
A natural extension to this work will be to simply derive more terms in the analytical L expansion to calculate the QNMs focussed on in this paper more accurately. More expansively, one could consider theories with non-zero G 4X and derive analytical expressions for QNMs for arbitrary Γ so as to encompass further subcategories of Horndeski gravity. In addition, the detectability of these types of non-GR effects in the ringdown signal of a black hole merger remnant need to be explored in further detail. The calculation of QNMs, analytically or otherwise, for scalar tensor theories on a variety of backgrounds (for example a hairy black hole or a more rapidly rotating Kerr black hole) is of course an active and important area of research for the global gravity community.
